The elastic response for a large catalog of carbon nanotubes subjected to axial and torsional strain is derived from atomistic calculations that rely on an accurate tight-binding description of the covalent binding. The application of the computationally expensive quantum treatment is possible due to the simplification in the number of atoms introduced by accounting for the helical and angular symmetries exhibited by the elastically deformed nanotubes. The elasticity of nanotubes larger than ϳ1.25 nm in diameter can be represented with an isotropic elastic continuum. © 2008 American Institute of Physics. ͓DOI: 10.1063/1.2965465͔
The exceptional mechanical properties of carbon nanotubes ͑CNTs͒ continue to attract an enormous interest. A detailed understanding of nanoscale mechanics is important for advancing applications. 1, 2 Experiments are difficult at this scale and atomistic calculations prove to be valuable tools of investigations. Often they are used to provide the input for deriving practical continuum models, [3] [4] [5] such as the linearelastic isotropic continuum. 3 This way, CNTs can be efficiently investigated with the relations of macroscopic elasticity, without the need of repeating the microscopic calculations.
The accurate description of interatomic interactions is crucial in nanomechanical modeling. Density-functional theory ͑DFT͒ and tight binding ͑TB͒ are accurate methods for studying bulk crystalline materials. However, due to the current computational size limitation, these methods cannot be employed in their well-known translational formulation ͑under periodic boundary conditions͒ for carrying out systematic studies of CNTs' elasticity. For this reason computationally tractable but less accurate classical treatments are widely used. [3] [4] [5] [6] [7] [8] [9] [10] The coarse-grained description with classical potentials ͑which treats the electronic subsystem in an implicit way͒ is limited in accuracy with respect to the elasticity of graphene. For example, consider the difference in the CNT's Young's moduli ͑Y͒. Because the CNT's walls are monolayers, their thickness ͑h͒ is not well defined. There is debate 3 centered around the appropriate h and different values were proposed. To identify differences that arise solely due to the interatomic potential, one can compare the h-independent surface Young's modulus 11 Y s = Yh. With Brenner's first-and secondgeneration potentials, 12, 13 Y s is 159 GPa nm ͑Refs. 6 and 10͒ and 236 GPa nm, 6 respectively, much lower than the 345 GPa nm reported by reliable DFT calculations. 14 To determine the validity range of the isotropic continuum, it is important to establish also the scaling of the elastic response. Contradictory results are reported. For instance, a decrease of Y s with diameter was obtained in atomistic simulations 7 employing the second-generation Brenner potential. 13 This behavior is inconsistent with other calculations 8, 11 including ones 7 based on the first-generation Brenner potential 13 that found Y s increases rapidly at small diameters and is practically constant at large diameters. Studies on the chirality ͑͒ dependence are also inconclusive and previous TB calculations 11 performed mostly on achiral CNTs do not allow for a systematic differentiation.
Recently it has been shown 15, 16 that strain-free, elongated, and twisted CNTs can be described as objective molecular structures with helical and angular symmetries and that the nanomechanical response can be obtained from studying the deformation of small domains under objective boundary conditions. Here we take advantage of these theoretical advances formulated in a TB context 17 and provide the elastic response for a large catalog of ideal single-walled CNTs from an accurate description of the chemical binding. [17] [18] [19] This letter is organized as follows. It summarizes symmetry-related structural aspects 20 that allow us to describe the procedure of applying mechanical deformations in the objective framework. 16 Results are next presented and compared with literature data. The obtained scaling reveals the validity-range for the purported isotropic idealization of CNTs.
An infinitely long CNT exhibits translational symmetry. When its unrolled unit cell is projected on the graphene layer, Fig. 1 , the circumference turns into the chiral vector
Here a is the lattice constant for the flat honeycomb lattice. The CNT axis aligns to the translational vector T = t 1 a 1 + t 2 a 2 , where that the number of carbon pairs inside the translational unit cell writes N =2͑n 2 + nm + m 2 ͒ / d R . The translational representation of the infinitely long CNT is widely used for computing the elastic response. 11, 14, 21, 22 One disadvantage is that it requires the explicit treatment of all N carbon pairs, and N scales with the CNT's diameter and . Only a small number of CNTs ͑small-diameter and achiral ones͒ have N computationally affordable for TB and DFT.
In addition to translation, CNTs exhibit angular and helical symmetries, 20 the example of Fig. 1 . For angular symmetry, note that while gcd ͑t 1 , t 2 ͒ =1 ͑indicating that T never spans in the axial direction two identically oriented carbon pairs͒, d = gcd͑n , m͒ can take any value between 1 and n ͑supposing that 0 ഛ m ഛ n͒. Thus, C h spans d identically oriented carbon pairs in the circumferential direction and the rotation vector is given by C h / d. For helical symmetry, we note that among the N − 1 nonequivalent vectors connecting the graphene lattice points within the translational unit cell, d − 1 correspond to pure angular rotations, while the remaining N − d correspond to distinct screw operations. Among these vectors, here we are concerned only with vector Z = ua 1 + va 2 , which has the smallest components in both axial and circumferential directions. 23 Using simple geometric considerations, it follows that integers u and v must satisfy mu − nv = d and 0 Moving to the rolled-up geometry, an ͑n , m͒ CNT is described as an objective molecular structure with 16, 17 
The rotational matrix R 2 corresponds to vector C h / d and indicates an angular rotation of angle 2 =2 / d. Rotational matrix R 1 of angle 1 =2D / N and the axial vector T 1 = dT / N correspond to the screw vector Z. Index j runs over the two atoms ͑the molecule͒ at locations X j inside the reduced computational domain. Integers 1 and 2 , with −ϱ Ͻ 1 Ͻϱ and 0 ഛ 2 ഛ d − 1, label the various replicas of the initial domain. We carried out microscopic calculations of relaxed, elongated, and twisted CNTs described from the angular-helical two-atom domain with Eq. ͑2͒ serving as the objective boundary conditions. The electronic states were modeled with a symmetry-adapted scheme 17 coupled with the nonorthogonal two-center TB model of carbon, 18 implemented in the package TROCADERO. 19 Between 200 and 1000 uniformly distributed helical k-points and d angular numbers were used to converge the band energy.
We now present the computational results. In order to define infinitesimal elastic moduli of a CNT, we first identified the stress-free equilibrium geometries. Note that given the ͑n , m͒ indexes, the values for 1 and 2 are exact. However, the isometric mapping that wraps the graphene sheet into the cylindrical geometry is not precisely a CNT at equilibrium as the carbon-carbon bond lengths will differ in general from their values in the flat geometry. We identified the equilibrium CNTs through conjugate gradient potential energy surface scans performed on the two-atom cell under different ͉T 1 ͉ values. Figure. 2͑a͒ plots the obtained strain energy ͑W 0 ͒, defined as the energy ͑measured per atom͒ of the equilibrium CNT configuration measured with respect to the graphene, as a function of the CNT diameter ͑2R͒. The characteristic be-
2 is obtained with C = 4.13 eV Å 2 /atom, in very good agreement with DFT data.
14 Note the large difference with the 2.2 and 1.8 eV Å 2 /atom values given 4 by the first-and second-generation Brenner's potentials, respectively. No -dependence was obtained, as can be seen also from the inset showing W 0 versus for an equal-radius CNT family. Adopting a surface-without-thickness membrane 4 representation of graphene, the associated bending rigidity is D b = C / S 0 = 1.59 eV/ atom, where S 0 = 2.6 Å 2 is the surface per atom defined by the CNT at equilibrium.
Axial strain ͑͒ to an ͑n , m͒ CNT was applied by changing ͉T 1 ͉ to ͑1+͉͒T 1 ͉, with −0.5% ϽϽ0.5%. The intrinsic 1 and 2 angles were kept fixed. The obtained size depen- Fig. 2͑b͒ . In contrast with other results, 24 Y s appears insensitive to . The 11 carried out in the translational representation of the CNTs, confirms the validity of our scheme. For 2R Ͻ 1.25 nm Y s softens, which is in disagreement for example with the data 7 obtained using the second-generation Brenner's potential. 13 An axial twist rate ͑␥͒ was imposed by varying the intrinsic angle 1 to 1 + ␥͉T 1 ͉. Because neither Eq. ͑2͒ nor the symmetry-adapted TB scheme 17 rely on translational symmetry, any ␥ can be prescribed. By contrast, limited ␥ choices are available in the translational formulation, 21 making calculations cumbersome. The resulting shear strain Ј = ␥R was varied as −0.5% ϽЈ Ͻ -0.5% range, while ͉T 1 ͉ was kept constant. Figure. 2͑c͒ 22 give by the second-generation Brenner's potential 13 and is in excellent agreement with the 157 GPa nm from DFT. 21 For 2R Ͻ 1.25 nm, there is a pronounced splitting with G s bounded from above by zigzag and from below by armchair CNTs.
The -dependence for G s for 2R Ͻ 1.25 nm unequivocally shows anisotropy. ͑Interestingly, the HiPco-produced CNTs fall within this size range͒. However, our TB data for 2R Ͼ 1.25 nm shows that both Y s and G s are practically converged to the values of isotropic graphene. Thus, the isotropic CNT model is justified and we can use 4 G s = Y s / 2͑1 + s ͒. With Y s = 430 GPa nm and G s = 156 GPa nm, the resulting Poisson ratio s = 0.38 is lower than the one obtained with the Brenner's potential 4 but still larger than in experiment. In spite of previous criticism, 4 for practical reasons it is also useful to give a CNT elastic thin-shell model. 3 Thus, we expressed D b = Yh 3 / 12 and Y s = Yh. Using our TB data we obtained h = 0.8 Å and Y = 5.2 TPa.
In summary, we performed an extensive study of CNTs' elasticity. The use of a quantum potential is needed since the transferability of commonly used bond-order potentials for hydrocarbons is very limited. The good agreement obtained here for Y s and G s with the available DFT data assures that the employed TB potential gives a reliable quantitative description of CNTs' elasticity. We addressed a large catalog of CNTs and obtain the scaling of the elastic response beyond the errors of the numerical procedures. Calculations were possible due to the simplifications in the number of atoms introduced by the objective description of mechanically deformed CNTs. The unique conjuncture of the size and chirality dependence for both Y s and G s validates the isotropic continuum idealization for CNTs with 2R Ͼ 1.25 nm.
This work was supported by NSF CAREER CMMI-0747684. Computations were carried out at the Minnesota Supercomputing Institute.
1
